This article develops a model that shows the effects of decoherence originating from both dephasing and population relaxation on rubidium vapor in the electromagnetically induced transparency regime. This article quantifies the effect of decoherence on the large Faraday rotation, susceptibility, transmission, population, and coherence relationships of the system. The model derived in this article is in excellent agreement with experimental results [H. Gao, M. Rosenberry, J. Wang, and H. Batelaan, J. Phys. B 38, 1857 (2005)]. The total decoherence rate for the experiment has been found by fitting the experimental data to the model. This article also includes a discussion of other types of experiments that this model could be adapted to, such as dipole-induced transmission and the detection of single atoms.
I. INTRODUCTION
There have been a number of theoretical and experimental studies on electromagnetically induced transparency (EIT) and light storage in atomic systems [1] [2] [3] [4] [5] . The EIT phenomenon, in which a control field is used to make the medium become effectively transparent to a signal field, was first predicted by Harris and co-workers. This allows a weak signal field to propagate without being absorbed by the atomic medium. One interesting effect that occurs with the signal field is that it propagates with an extremely slow group velocity that can even be reduced to zero such that the signal pulse can be "frozen" or stored within the atomic medium [2] . The slow light effect in EIT can be seen as a consequence of the formation of dark-state polaritons; which are a superposition of the signal field and the atomic polarization of the ground states [3, 4] . The formation of dark-state polaritons makes the transfer of quantum correlation from signal light to the atomic excitation a completely reversible process. The most interesting aspect of the slow light is that it can be used to store flying photonic information in stationary atomic media for later release when needed. This in essence is a quantum memory device [4, 5] , which is useful in quantum cryptography, quantum teleportation, and quantum computation [6] [7] [8] [9] .
Experiments using EIT have been carried out in a variety of media, including rubidium gas [2, 10] , sodium magnetooptical traps (MOTs) [11] , and solid-state systems using photon echo techniques [12] . EIT-based light storage has been demonstrated for a coherent light pulse [13] , a single-photon [14, 15] , entangled spontaneous parametric downconversion photons [16] , and the squeezed vacuum state [17, 18] .
Among the large number of articles describing light storage and applications in quantum information, six were found that discuss the influence of decoherence processes in EITbased light storage [19] [20] [21] [22] [23] [24] . A representative two articles including decoherence effects study EIT in a superconducting quantum circuit [20] and storing continuous-variable quantum information in light fields [21] . Five of these articles do not present the effects of decoherence on the Faraday rotation, transmission, or susceptibility, which this article addresses. Only one article [24] considers the effect of decoherence due to dephasing on the susceptibility. The current article considers the effect of both forms of decoherence, including incoherent population relaxation and dephasing [25] . The model of decoherence found in this article agrees with experimental results [26] . Understanding the effects of decoherence is important for accurately estimating the quantum memory capability of implementable EIT-based light storage.
Specifically, this article provides a theoretical explanation of how decoherence affects experimental results where EIT is carried out in rubidium vapor in the presence of a variable magnetic field. The rubidium vapor can be modeled as a three-level configuration of atomic states. The system is excited with a linearly polarized control light, which can be modeled as an equal superposition of right and left circularly polarized light. The polarization of the signal light is perpendicular to that of control light. A magnetic field along the direction of light propagation in the rubidium vapor will result in Faraday rotation of the polarized light through an angle. The Verdet constant ν of the EIT system as predicted by this article's model using experimental data is around 10 7 rad T −1 m −1 . One common material typically used in Faraday isolators is terbium gallium garnet (TGG). The EIT Faraday rotation is very large in comparison with TGG, which has a Verdet constant of 40 rad T −1 m −1 . This article predicts a Faraday rotation angle of 14
• for a rubidium cell of 4 cm and a magnetic field of 10 −5 T. This clearly shows that EIT-based Faraday rotation could be used to rotate the polarization of light over a very short distance with a very small magnetic field, which could be used to create a high-frequency optical switch or modulator. This magnetic-field-based lightpolarization modulator could be used to measure the magnetic field orientation of individual bits on a hard-drive platter just as giant-magnetoresistance-based sensors are currently being used [27] . The Faraday-effect-based optical isolators are widely used in laser experiments to avoid unwanted optical feedback. Faraday rotation has also been recently used to detect the presence of single rubidium atoms in a two-mode optical cavity [28] .
This article is organized as follows. In Sec. II a model of a three-level configuration of atomic states coupled by a control field and a signal field in the presence of a variable magnetic field is solved using the master equation approach. The decoherence effect on EIT transmission, susceptibility, and Faraday rotation angle is explored numerically in Sec. III. An analytical solution is also found and agrees with the numerical solution in the EIT region IV. In Sec. IV the numerical results for polarization rotation angle, susceptibility, and signal transmission intensity are studied with various amounts of decoherence. The results predicted by this model agree with experimental results. A discussion of an alternative EIT-like system, an experiment determining which decoherence source dominates, single atom detection using Faraday rotation, and a summary of this article's results are given in Sec. V.
II. THE MASTER EQUATION
The energy-level scheme of the system under consideration is a three-level configuration, as shown in Fig. 1 . The three-level configuration atom consists of two ground levels |2 and |3 and a single upper level |1 . The transitions |1 → |2 and |1 → |3 are connected by electric dipole moments µ 12 and µ 13 , respectively. The magnitude of the dipole moments for these two channels for simplicity are assumed to be the same; thus, the spontaneous emission rates from transitions |1 → |2 and |1 → |3 are the same; that is, γ 12 = γ 13 = γ . In the experiment in [26] a single laser with two orthogonal polarizations is coupled to both transitions |3 → |1 and |2 → |1 . The signal laser is coupled to the y axis, while the control laser is coupled to the x axis. Both signal and control beams propagate along the z axis. The magnetic field is also along the z axis. The strengths with which these transitions are driven are characterized by Rabi frequencies 12 For the rest of the article, the system is assumed to be initially in an equal superposition of the two ground states, This assumption is reasonable since the effective energy level separations of the two ground states is small. This initial state assumption also fits the experimental data.
In order to investigate the absorption and dispersion properties of a signal and control laser fields coupling states |2 and |1 to state |1 , the steady-state linear susceptibility needs to be calculated from the steady-state density matrix. Therefore, the steady-state solution to the density matrix needs to be found.
The steady-state solution of the density matrix will be found using the master equation approach. The master equation of this system can be written as [29, 30] 
where ρ is the reduced density matrix of the optical field and atomic variables. The reversible and irreversible terms are, respectively,
and
The irreversible terms are written in the Lindblad form [31] . Here D is a Lindblad superoperator defined for arbitrary operators A and B as
The first two terms describe spontaneous emission from the excited state |1 to the two ground states |2 and |3 . The third and forth terms account for an off-diagonal dephasing effect with rate γ d . This dephasing affects the ground state coherence and arises from elastic atom-atom and atom-wall collisions. However, this term does not affect the atomic populations. The fourth and fifth terms of Eq. (4) describe population relaxation with rate γ p between the two ground states |2 → |3 caused by inelastic atom-atom and atom-wall collisions. The population relaxation and dephasing terms affect the off-diagonal coherence terms in the density matrix nearly identically, as can be seen in the rate equation [Eq. (8)]. The exception to this identical behavior will only occur if there is a significant difference in the populations of the two ground states, as shown in the rate equations forρ 22 anḋ ρ 33 . The numerical simulations of this model starting from equal populations of the two ground states remain equal after reaching the steady state.
For simplicity, the population relaxation rate from |2 → |3 is assumed to be the same as the rate from |3 → |2 and is given by γ p . Similarly, the dephasing rates from |2 and |3 are assumed to be the same and the rate is given by γ d . The ratio between γ d and γ p depends on the experimental conditions of the atomic system. Since these rates play the same role in the solution of the master equation, they are assumed to be equal. Using these assumptions with the model, the actual combined decoherence rate γ α is around 3 kHz. This concludes the discussion of the irreversible terms in the master equation.
The reversible terms of the master equation are now discussed. In the rotating wave approximation, the interaction Hamiltonian in Eq. (3) can be written as
The first and second terms are the corrections to the selfHamiltonian,
and is approximately equal to the Hamiltonian of the atomic system. The influence of the magnetic field on the atomic system is characterized by the third term, where B is applied along the z direction. Here g is a dimensionless quantity which characterizes the magnetic moment and gyromagnetic ratio of the atom. The fourth and fifth terms in Eq. (6) describe the stimulated dipole transitions between the two ground states and the excited state. The energy difference between the excited and the ground state |3 is given as E 13 . The detuning 13 = ω c − E 13 is the difference in the frequency between the control laser ω c and the frequency of the transition between |3 and |1 . Similarly, 12 = ω s − E 12 is the detuning between the signal laser frequency ω s and the frequency of the transition of the excited state |1 relative to the ground state |2 . From the master equation [Eq. (2)] the following density matrix rate equations are found. These rate equations are also referred to as the Bloch equations:
Here α = eg/2m e and is the gyromagnetic ratio. From Eqs. (8) it can be seen that the spontaneous emission terms decay at the rate γ in the Bloch equation. The spontaneous emission rate γ is needed to create the EIT dark state and is not considered to be a decoherence effect defined in this article. The decoherence effects are represented by the population relaxation rate γ p and the dephasing rate γ d . The population relaxation and dephasing rates only appear in the coherence rate equations (ρ 12 ,ρ 13 , anḋ ρ 23 ) divided by two (γ p /2 and γ d /2) instead of their full rate. In these coherence rate equations the spontaneos emission rate γ is at its full rate. Additionally, in order to maintain the EIT dark state, the total decoherence rate γ p + γ d must be at least an order of magnitude smaller than the spontaneous emission rate γ .
III. ANALYTICAL AND NUMERICAL SOLUTION
The steady-state solution of the master equation (2) can be found analytically when the decoherence rates γ p = γ d are zero. The numerical solution when setting the decoherence rates to zero agrees with the analytical solution. This special case corresponds to a perfect EIT state when the magnetic field is zero. When the decoherence rate is nonzero, the solutions for both steady-state and time evolution are found using the numerical model.
The analytic steady-state solutions are found in this article with nonzero magnetic field to be
Here 
A comparison between the analytic and numerical solutions is shown in Figs. 2-5 . In Figs. 2 and 3 , the populations of the ground and excited states as a function of the B field are shown. Figure 2 shows that at the EIT condition the upper state population is a dark state with zero population. Figure 3 illustrates that at the EIT condition all the population is trapped in the two ground states. In this article, the spontaneous emission rate γ is set to one, and all the other quantities are plotted with respect to γ and are thus dimensionless.
In Figs. 4 and 5, the coherence between the two ground states and the excited state as a function of B field is shown. The coherence between the ground states is maximized, and the coherence between the excited state and the ground states is minimized for zero applied B field. A perfect EIT state is created for zero applied B field, as expected. As can be seen in the figures, the analytic and numerical solutions agree with each other. 
IV. THE ROLE OF DECOHERENCE
The effect of decoherence is now included by setting the dephasing γ d and population relaxation γ p rates to be nonzero in the numerical simulation. EIT-based light storage is very sensitive to decoherence processes, as will now be illustrated.
First, as discussed earlier when the system reaches the steady state in the EIT condition, the decoherence effect due to the population relaxation rate γ p is indistinguishable from the dephasing rate γ d . Thus, a combined decoherence rate γ α = γ d + γ p is defined. The time evolution of the population in the excited state shows an initial spike which decays to a constant value at a time scale that is determined by the driving intensity , spontaneous emission rate γ , and the combined decoherence rate γ α . For a fixed driving amplitude , the time scale is reduced as the spontaneous emission rate γ or combined decoherence rate γ α is increased, and the constant value increases with γ α and decreases with γ . If the spontaneous emission rate from the excited state γ is much larger than the combined decoherence rate γ α , the excited-state coherences ρ 12 and ρ 13 can be adiabatically eliminated and effectively the system is reduced to a two-level system consisting of both ground states. This corresponds to the steady state when γ α = 0 in Fig. 6 . Figure 7 shows the density matrix for when EIT takes place without decoherence effects. It shows the ideal EIT condition where the coherence between the two ground states is maximized and there is no population in the excited state. Figure 8 illustrates the resulting density matrix elements when the combined decoherence rate γ α = 0.2. In this situation the coherence between the ground states is greatly reduced. The excited-state population is nonzero, and coherence between the excited state and the two ground states appears. The time evolution from the initial state which does not have any population in the excited state to the steady state in Fig. 8 is shown as a dotted line for γ α = 0.2 in Fig. 6 . A combined decoherence rate of γ α = 0.2 was chosen for Fig. 8 because it corresponds to a nearly zero coherence rate between the two ground states. In summary, the driving and spontaneous emission rate γ drive the system into a perfect coherent dark state. The combined decoherence rate γ α drives the system out of the dark state, causing both the population in the excited state ρ 11 and the coherence between the excited state and ground states to increase as illustrated in Figs. 6 and 8. The effect of increasing the combined decoherence rate γ α is to remove the interesting nonlinear effects created by the EIT phenomenon. The effects of EIT on the optical properties of the atomic medium such as Faraday rotation, transmitted signal intensity, and susceptibility are now discussed. The Faraday rotation and transmitted signal intensity can be found from the linear susceptibility. So, the first optical property to be discussed will be the linear susceptibility. In the steady-state case the linear susceptibility can be expressed as
where N is proportional to the number of atoms in the medium and the density matrix elements ρ 21 and ρ 31 determine the coherence between the excited |1 and the ground states |2 and |3 . Both χ 21 and χ 31 are needed to calculate the Faraday rotation angle and the intensity in the signal detector. The transmitted signal intensity is given by I = I 0 e −αL , where α is the absorption coefficient and is defined as α = [32] . The signal detector detects the presence of the signal pulse using a linear polarizer parallel to the electric field vector of the signal light E s . It can also detect the intensity of the σ − circularly polarized component by inserting a 1/4 wave plate. If a magnetic field is present, Faraday rotation of the control light will cause the intensity of the linear polarized signal detector to be nonzero, as shown in Fig. 10 . The intensity of each of the circular components of the combined signal pulse and the control beam is affected by the absorption of the rubidium vapor, as shown in Fig. 9 , and independent of the Faraday rotation. The phase difference between the σ − and the σ + is affected by the Faraday rotation. This phase difference can both increase and decrease the intensity of the light polarized in the signal direction. This results in the asymmetric detected intensity when using a linear polarizer to detect signal intensity in Fig. 11 . Figures 10 and 11 show the detected signal intensity due to Faraday-rotated control beam and the intensity of the signal with Faraday-rotated control beam, respectively, as the B field is varied for different values of the combined decoherence rate γ α . Figure 9 shows how the σ − component of the linearly polarized transmitted signal intensity varies as the applied B field is varied for different combined decohrence rates. The peak transmitted intensity of the signal light σ − component is reduced when the combined decoherence rate γ α is increased. The sensitivity of the EIT transmission decreases as γ α increases as can be seen from the widening of the transmission peaks. By varying the applied magnetic field B, the energy levels of the atoms will be shifted by gµB, which is nearly equivalent to detuning the laser frequency from the atom's resonant frequency. The effect of detuning the signal laser can be seen in Fig. 12 . From the figure, detuning the signal laser will result in a greatly reduced EIT effect without any magnetic field. By varying the magnetic field, the EIT condition can be restored. The frequency of the EITtransmitted signal light peak changes when varying the applied B field. The applied B field appears to change the atomic resonant frequency similar to a tunable series-resonant ResistorInductor-Capacitor (RLC) filter. To continue the analogy to a filter, the effect of the combined decoherence rate is similar to adding more resistance to a series-resonant RLC filter, which destroys the resonance. One potential application of this would be to do high-resolution spectrometry.
In Figs. 6, 10, and 11, the decoherence rate due to the combined decoherence rate γ α changes the curves. The particular decoherence rate of the actual experiment is determined given the spontaneous decay rate γ of rubidium in this experiment was around 6 MHz, the model was derived assuming that γ = 1, and fitting the experimental data to the model gives γ α = 1/2000. Therefore, the actual combined decoherence rate is around 3 kHz. This is close to the decoherence rate found in a similar experiment with rubidium vapor [33] .
The physical properties shown in Figs. 13 and 14 were not experimentally measured, but predicted using the same parameters that fit the experimental data used to find the decoherence rate. These physical properties are the Faraday rotation angle and the susceptibility (χ ). They are interesting to study because they are nonlinearly modified by the EIT effect. Figure 13 shows the Faraday rotation angle as a function of the applied magnetic field. The curves exhibit a dispersive shape with a linear and large rotation angle for a small change in magnetic field intensity. For a larger B field intensity, the rotation decreases to zero, then will increase with a much lower rotation angle versus increase in applied magnetic field. For a magnetic field intensity above 10 −5 T, the Faraday rotation due to a change in the applied B field becomes linear and a few orders of magnitude smaller, just like a normal linear rotator. The effect of a large rotation angle for a small change in the magnetic field intensity is reduced with increasing combined decoherence rate γ α . In the limit of increasing the combined decoherence rate γ α , the rotation angle in the EIT region increases linearly as it does for a large applied magnetic field ( will cause the material to behave as a typical linear Faraday rotator because the EIT effect will be eliminated. Another interesting property that is illustrated in Fig. 13 is that the peak of Faraday rotation angle is shifted to a higher magnetic field intensity for an increase in γ α . This shift in magnetic field intensity is equivalent to a shift in the atomic resonance. To make an analogy with a damped series RLC oscillator, the increase in γ α corresponds to an increase in the resistance R. An increase in the resistance in a series RLC circuit will also shift the resonant frequency away from the resonant frequency without resistance.
The susceptibility of the atomic medium is determined by how the electric dipole responds to an external electromagnetic field. The real part of the susceptibility corresponds to a phase shift, which determines the index of refraction. The imaginary part of the susceptibility corresponds to absorption. The real and imaginary parts of the susceptibility can cause the polarization to rotate and a signal pulse to be slowed down and attenuated. Figure 14 shows how the real part of the susceptibility ρ 12 changes as the applied magnetic field intensity is varied for 
V. DISCUSSION AND SUMMARY
This article has focused on analyzing the effect of decoherence on the EIT phenomenon in an atomic vapor using a Schrödinger picture density-matrix approach. The theory developed in this article gives insight into how decoherence would affect other EIT [33] [34] [35] or similar systems [34, 35] . Additionally, the large Faraday rotation in the EIT region discussed in this article can be used to more effectively detect the presence of single atoms in an optical cavity [28] .
As cited earlier in this article, a system similar to an atomic EIT system has also been implemented using a quantum dot coupled to a photonic crystal cavity [34] . This similar effect is referred to as dipole-induced transparency (DIT). This article proposed that EIT can be implemented in a solid-state system and led to an experimental realization of DIT [35] . In the DIT system, the quantum dot serves as a two-level system, and the cavity is effectively a third level in order to create a system. Transparency in the DIT system is initiated when the cavity containing a two-level quantum dot is excited by an external field. The quantum dot in the presence of the external field will create a cavity field that is shifted 180
• out of phase with the external field [36] . Under this condition the external field destructively interferes with the cavity field and no longer effects the quantum dot, and will no longer transmit through the cavity. In the DIT system the quantum-dot decay rate γ is the decoherence rate that is equivalent to the decoherence due to dephasing or population relaxation in the rubidium vapor system. However, the source of the quantum-dot decay rate and the effect on the DIT system was not discussed.
The DIT article uses the Heisenberg approach, which is necessary due to the need to model the cavity with a time-varying field operator. This differs from the rubidium vapor system described in this article because only the atomic system interacts with a laser field and can be modeled by the Schrödinger picture density-matrix approach. Although the approach is different in the DIT system, the effect of decoherence on transmission rate and susceptibility found in this rubidium EIT system should apply to their DIT system. The Heisenberg approach used [34] to solve the DIT system assumed the system is already in the expected steady-state DIT regime. Although this assumption works for describing the expected transmission near the DIT region, it misses how the cavity and quantum dot evolve into the DIT state. A more rigorous approach can be found in another article using the Heisenberg density-matrix approach and rotating wave approximation to solve the coupled time-dependent Heisenberg equations between the dipole and the cavity field [37] .
An interesting experiment that attempts to determine the source of decoherence in the EIT region of atomic rubidium vapor found that dephasing is the major source of decoherence while population relaxation plays a minor role [33] . Their experimental data were collected with varying both pump laser intensity and rubidium cell temperature. The decoherence rate of 3 kHz mentioned earlier matches the rate found in their article. Their conclusion as to which source of decoherence dominates would be more clear if the rate equations used to fit the data were given to differentiate between the decoherence caused by dephasing and population relaxation.
Also, Faraday rotation has recently been used to detect the presence of single atoms in an optical cavity [28] . The single atom is detected by driving it inside a high-finesse cavity with one polarization of light and using a detector to detect orthogonal linearly polarized light. The atom in the presence of a magnetic field will rotate the polarization of incident photons, which can be detected by the orthogonal polarization detector. In the experiment detecting the single rubidium atoms [28] , a magnetic field of around 3 G was used to obtain a 0.045-rad rotation. A magnetic field of 3 G is too large to see the EIT-enhanced Faraday rotation, which led to the small rotation angle found in their experiment. If this experiment was carried out with a much smaller magnetic field of around 5 mG, the EIT-enhanced Faraday rotation would allow the use of a much lower finesse cavity.
In summary, this article has devoloped a model of the EIT-based light storage effect for realistic experiments including decoherence effects in a three-level system. The author has included decoherence that consists of contributions from both dephasing and population relaxation. This model quantifies the sensitivity of EIT phenomenon to decoherence. This phenomenon includes a large Faraday rotation angle, transmitted signal intensity, and susceptibility. The density matrix is plotted in three-dimensional bar graphs to show the effect of decoherence on populations and the coherence of the system. This article also presents the decoherence rate of a real experiment found by fitting the experimental data to the model. An analytical solution in the EIT region has also been found. The derived model indicates that decoherence caused by dephasing and population relaxation play equal roles if the ground states are in equal superposition states.
